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$\dot{R}^{N}$




$f(x, 0)$ $=$ $0$ , 7 $(x, t)=o(\phi_{*}(t)t)$ $(tarrow)\infty)$
$1<p_{i}<N$, $p_{i}^{*}= \frac{Np_{i}}{N-p_{i}}$ , $i=0,1$
$\phi$ Orlicz-Sobolev
(1)







$|p*-2u=0\mathrm{o}\mathrm{n}\partial\Omega u+\lambda f(x, u)$
in $\Omega\subset R^{N}$
(1.2)
$\Omega$ Brezis and Nirenberg
[5], Guedda and V\’eron [7], Garcia Azorero and Peral Alonso [6]
$\Omega=R^{N}$ $\Omega$ Benci and Cerami [3],
Silva and Soares [10], Silva and Xavier [11]
Orlicz-Sobolev
$\Phi(t)=\int_{0}^{t}\phi$(s)sds $(t\geq 0)$ (1.3)
$\text{ }\Phi(t)$ Sobolev conjugate funcion $\Phi_{*}(t)$
$\Phi_{*}^{-1}(t)=\int_{0}^{t}\frac{\Phi^{-1}(s)}{s^{(N+1)/N}}ds$ (1.4)
(1.1) $\phi_{*}(t)$
$\Phi_{*}(t)$ $= \int_{0}^{t}\phi_{*}(s)sds$ (1.5)
$p$-Laplacian
\Phi




$3$ . $\Phi(t)=(1+t^{2})^{\gamma}-1\sim\{\begin{array}{l}2\gamma t^{2}(tarrow 0)t^{2\gamma}(tarrow\infty)\end{array}$
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2
$x\in R^{N},$ $t$ \in R
$F(x, t)= \int_{0}^{t}\overline{f}(x, s)ds$ , $\overline{f}(x, t)\dashv_{0}^{f(x,t)}$ $(t>0)(t\leq 0)$ (2.1)
$p\in$ $(1, N)$ $p^{*}=Np/(N-p)$ $\phi,$ $b$ ,
$f$
$(\mathrm{H}_{1})\phi(t)\in C^{1}((0, \infty)),$ $\phi(t)>0,$ $(\phi(t)t)’>0$ for $t>0$ ;
(H2) $\sigma$) $\ell,$ $m\in(1, N)$ , $\ell\leq m<\ell^{*}\mathrm{B}$“ $\text{ ^{}\vee}\mathrm{C}\ell\leq\frac{\phi(t)t^{2}}{\Phi(t)}\leq m$
for $t>0$ ;
(H3) $a_{0}>0$ $a_{0}\Phi’(t)\leq\Phi^{\prime/}(t)t$ for $t>0$ ;
(H4) $f(x, t)\in C(R^{N}\cross[0, \infty))$ $f$ (x, $0$ ) $=0\mathrm{f}$or $x\in R^{N}$ ;
(H5) $r_{0},$ $r_{1}>0$ $g(x)\in L^{1}(R^{N})$ $L^{\infty}(R^{N})$
$\frac{m}{\ell*}m^{*}<r_{0}<m^{*}$ , $m<r_{1}<\ell^{*}$
$|$ F(x, $t$ ) $|\leq\{\begin{array}{l}g(x)t^{r_{0}}(0\leq t\leq 1)g(x)\mathrm{t}^{r_{1}}(t\geq 1)\end{array}$ for $x\in R^{N}$ ;
$(\mathrm{H}_{6})$ $\Omega_{0}\subset R^{N}$ $F$ (x, $t$) $>0$ for $x\in\Omega_{0},$ $t$ >0;
$(\mathrm{H}_{7})$ $C>0$ $|f$ (x, $t$ ) $t|\leq C|F(x, t)|$ for $x\in R^{N},$ $t$ \geq 0.
$\mathrm{o}\Phi(t)$ , $\Phi(0)=0$
$\mathrm{o}\frac{\Phi(t)}{t}$ ETI, $\lim_{tarrow+0}\frac{\Phi(t)}{t}=0$ , $\lim_{tarrow\infty}\frac{\Phi(t)}{t}=\infty$
$\bullet$ $tarrow+0,$ $tarrow\infty$ $\Phi(t)$
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$\mathrm{o}f(x, 0)=0$
$\bullet$ $f$ (x, $t$ ) $F$ (x, $t$ ) $\phi(t)$
$N$-function $A=A$(t) $\Omega\subset R^{N}$
Orlicz $L_{A}$ (\Omega ) (Adams and Fournier [1, Chap. 8]
) $A$ $\triangle_{2}$ $k>0$
$A(2t)\leq kA(t)$ , $t\geq 0$ , (2.2)
Orlicz $L_{A}$ (\Omega )
$\int_{\Omega}A(|u(x)|)dx<$ oo (2.3)
$\Omega$
$u$ $L_{A}$ (\Omega )
(Luxemburg)
$||$u $||A= \inf\{k>0;\int_{\Omega}A(\frac{|u(x)|}{k})dx\leq 1\}$ for $u\in L_{A}(\Omega)$ (2.4)
Banach $A\sigma$) Legendre
$\tilde{A}(s)=\max_{t\geq 0}(st-A(t))$ for $s\geq 0$ (2.5)
$A$ complement $A$ $\tilde{A}$ complement
Young
$st\leq A(t)+\tilde{A}(s)$ (2.6)
$u\in L_{A}$ (\Omega ), $v\in L_{\overline{A}}(\Omega)$ H\"older
$| \int_{\Omega}u(x)v$ (x) $dx|\leq 2||u||_{A}||v||_{\tilde{A}}$ (2.7)
$\Phi,$ $\Phi_{*}$ complements $\tilde{\Phi},\overline{\Phi_{*}}$ $(\mathrm{H}_{1})-(\mathrm{H}_{2})$
$\Phi,$ $\Phi_{*}$ , $\tilde{\Phi},\overline{\Phi_{*}}$ $N$-ffinktion $\Delta_{2}$
$\mathrm{Q}$ (RN)




$||$u $||_{\Phi}$ . $\leq S_{0}||\nabla u||_{\Phi}$ (2.9)
for $u\in\ovalbox{\tt\small REJECT}^{1.\Phi}$ (RN) (2.8)
$||$u $||$ 91,$\Phi(3N)=||\nabla$u $||_{\Phi}$ (2.10)
$\ovalbox{\tt\small REJECT}^{1,\Phi}(R^{N})$ (2.10)
$(\mathrm{H}_{1})$-(H2) $\ovalbox{\tt\small REJECT}^{1.\Phi}(R^{N})$
Theorem 2.1. $\lambda>0$ (1.1)





Lemma 3.1. $\zeta_{0}(t)=\min\{t^{\ell}, t^{m}\}_{f}\zeta_{1}(t)=\max\{t^{\ell}, t^{m}\}$
$\zeta_{0}(||u||_{\Phi})\leq\int_{R^{N}}\Phi$ ( $|u\mathrm{D}dx\leq\zeta$1 $(||u||_{\Phi})$ for $u\in L_{\Phi}(R^{N})$ . (3.1)
Lemma 3.2. $(_{2}(t)= \min\{t^{\ell*}, t^{m^{*}}\},$ $\zeta_{3}(t)=\max${ $t^{\ell^{*}},$ $t$m’}
$\zeta$2 $(||u||_{\Phi_{*}}) \leq\int_{R^{N}}\Phi_{*}$ ( $|u\mathrm{D}dx\leq\zeta$3 $(||u||_{\Phi_{*}})$ for $u\in L_{\Phi_{*}}(R^{N})$ . (3.2)
$\text{ }p>1$ conjugate exponent $p’=p/(p-1)$ $\ell,$ $m$ ,
$\ell^{*},$ $m$
* conjugate exponents $\ell’,$ $m’,$ $(\ell^{*})’,$ $(m^{*})’$ $\text{ }$
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Lemma 3.3. $\zeta_{4}(s)=\min\{s^{\ell/(\ell-1)}, s^{m/(m-1)}\}_{f}\zeta_{5}(s)=\max\{s^{\ell/(\ell-1)}$ ,
$s^{m/(m-1)}\}$
$\zeta$4 $(||u||_{\overline{\Phi}}) \leq\int_{R^{N}}\tilde{\Phi}$ ( $|u\mathrm{D}dx\leq\zeta$5( $||$u $.||_{\overline{\Phi}}$ ) for $u\in L_{\tilde{\Phi}}(R^{N})$ . (3.3)
Lemma 3.4. $\zeta_{6}(s)=\min\{s^{\ell^{*}/(\ell^{*}-1)}, s^{m^{*}/(m^{*}-1)}\},$ $\zeta_{7}(s)=\max\{s^{\ell^{*}/(l^{*}-1)}$ ,
$s^{m^{*}/(m^{*}-1)}\}$
$\zeta_{6}(||u||_{\overline{\Phi_{*}}})\leq\int_{R^{N}}\overline{\Phi_{*}}(|u|)dx\leq\zeta_{7}(||u||_{\overline{\Phi}}\mathit{9}$ for $u\in L_{\overline{\Phi*}}(R^{N})$ . (3.4)
$u_{+}= \max\{u, 0\}$
Lemma 3.5. $M_{0}$ , $M_{1}>0$
$\int_{R^{N}}|$F(x, $u$ ) $|dx\leq M_{0}\zeta_{2}(||u_{+}||_{\Phi_{*}})^{r\mathrm{o}/m^{*}}+M1\zeta_{3}(||u_{+}||_{\Phi_{*}})^{r_{1/\ell*}}$ (3.5)
for $u\in L_{\Phi_{*}}(R^{N})$ .
4 Mountain-pass
(1.1) $u=u_{\lambda}\geq 0$
$I_{\lambda}(u)= \int_{R^{N}}\{\Phi(|\nabla u|)-\Phi_{*}(u_{+})-\lambda F(x, u)\}dx$ (4.1)
$I_{\lambda}$ $\ovalbox{\tt\small REJECT}^{1,\Phi}(R^{N})$ Fr\’echet
$\text{ }$ Ambrosetti-Rabinowitz mountain pass lemma
Palais-Smale





(iii) $I(w_{0})<\alpha$ $w_{0}\not\in U$
$\Gamma=$ {$\gamma\in C([0,1],$ $E);\gamma$ (O) $=0,$ $\gamma$ ( $1)=w_{0}$ } (4.2)
$c= \inf_{\gamma\in\Gamma}\max_{w\in\gamma}I(w)$
$(\geq\alpha)$ (4.3)
$E$ $\{u_{n}\}$ $I(u_{n})arrow c$ $I’(u_{n})arrow 0$ in $E’$
Ekeland
Aubin and Ekeland [2, p. 272, Theorem 5]
Brezis[4, Lemma 7]
(4.1) $I_{\lambda}$ (i), (ii), (iii)
Lemma 4.2. $\lambda>0$ $\rho_{0}=\rho_{0}(\lambda)>0$ 0
$\rho<\rho_{0}$
$I_{\lambda}(u)>0$ for any $u\in\ovalbox{\tt\small REJECT}^{1,\Phi}(R^{N})$ wifh $||\nabla$u $||_{\Phi}=\rho$ (4.4)
Proof. $u\in\ovalbox{\tt\small REJECT}^{1,\Phi}(R^{N})$ $\rho=||\nabla u||_{\Phi}$ $0< \rho<\min\{1/S_{0},1\}$
(3.1), (3.5), (2.9)
$I_{\lambda}(u)$ $\geq$ $\zeta_{0}(||\nabla u||_{\Phi})-\zeta_{3}(||u||_{\Phi_{*}})-\lambda M_{0}\zeta_{3}(||u||_{\Phi_{*}})^{r_{0}/m^{*}}$
$-\lambda M_{1}\zeta_{3}(||u||_{\Phi_{*}})^{r_{1/\ell*}}$
$\geq$ $\zeta_{0}(||\nabla u||_{\Phi})-\zeta_{3}(S_{0}||\nabla u||_{\Phi})-\lambda M_{0}\zeta_{3}(S_{0}||\nabla u||_{\Phi})^{r\mathrm{o}/m^{*}}$
$-\lambda M_{1}\zeta_{3}(S_{0}||\nabla u||_{\Phi})^{r_{1/\ell*}}$
$=$ $\rho^{m}-(S0\rho)\ell*-\lambda$M$\mathrm{o}(S_{0}.\rho)^{\ell^{*}r\mathrm{o}/m^{*}}-\lambda M_{1}(S_{0}\rho)^{\mathrm{r}_{1}}$ (4.5)
$(\mathrm{H}_{2})$ , (H5)
$m<\ell^{*}$ , $m< \frac{\ell^{*}r_{0}}{m}*$ ’ $m<r_{1}$ , (4.6)
$\rho>0$ (4.5)
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Lemma 4.3. $\Omega_{0}\subset R^{N}$ $(\mathrm{H}_{6})$ $u_{0}\in\ovalbox{\tt\small REJECT}^{1,\Phi}(R^{N})$
$u_{0}\geq 0$ , $u_{0}\neq 0$ , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}u_{0}\subset\Omega_{0}$ . $(4.7)$
$t_{0}=t_{0}(u_{0})>0$
$I_{\lambda}$ (t0u$0$ ) $<$ O for any $\lambda>$O(4.8)
Proof. $(\mathrm{H}_{6})$ , Lemma 3.1, Lemma 3.2 $t\geq 1$
$I_{\lambda}$ (tu0) $=$ $\int_{R^{N}}\{\Phi(t|\nabla u_{0}|)-\Phi_{*}(tu_{0})-\lambda F(x,tu_{0})\}dx$
$\leq$ $\zeta_{1}(t)\int_{R^{N}}\Phi$ ( $|\nabla$u0Ddx $- \zeta_{2}(\mathrm{t})\int_{R^{N}}\mathrm{D}_{*}(|u_{0}\mathrm{D}dx$
$=t^{m} \int_{R^{N}}\Phi$ ( $|\nabla$u$\mathrm{o}|$ ) $dx-t^{\ell^{*}} \int_{R^{N}}\Phi_{*}$ ( $|$u0Ddx (4.9)
$t$ $m<\ell$” $t=t_{0}(u_{0})>0$
(4.9)
$\lambda>0$ Lemma 4.1 Palais-Smale $\{u_{n}\}$ $\subset$
$\ovalbox{\tt\small REJECT}^{1,\Phi}(R^{N})$ $narrow\infty$
$I_{\lambda}(u_{n})arrow c_{\lambda}$ I\lambda /(u )\rightarrow Oin $\ovalbox{\tt\small REJECT}^{1,\Phi}(R^{N})’$ (4.10)
$c_{\lambda}$
$I_{\lambda}$ $U=U_{\rho}$ $w_{0}=t_{0}u_{0}$
(4.3) Lemma 4.4, Lemma 4.3
$c_{\lambda}>0$ Lemma 3.5
Lemma 4.4. $\tau>0$ $M_{2},$ $M_{3}>0$
$u\in L_{\Phi_{*}}(R^{N})$ $\lambda\overline{\backslash }$:
$\int_{R^{N}}|F(x, u)-\frac{1}{\tau}\overline{f}(x, u)u|dx$
$\leq$ $M_{2}$ ( $\int_{R^{N}}\Phi_{*}(u+)$dx) $r_{0}/m^{*}+M3$ $( \int_{R^{N}}\Phi_{*}(u+)$dx) $r_{1/\ell*}(4.11)$
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Lemma 4.5. (4.10) $\{u_{n}\}$ $\subset 31’\Phi(\mathrm{R}^{N})$ $\ovalbox{\tt\small REJECT}^{1,\Phi}(\mathrm{R}^{N})$
Proof. Lemma 4.4 $\tau>0$ $m<\tau<\ell$‘ $\text{ }$
$I_{\lambda}(un)- \frac{1}{\tau}$ $\langle$I$\lambda’(u_{n}),$ $u_{n}\rangle$ (4.12)
$r_{0}/m^{*}<1,$ $r_{1}/\ell*<1$
$c_{1},$ $c_{2}>0$
( $1- \frac{m}{\tau}$) $\zeta_{0}(||\nabla u_{n}||_{\Phi})\leq c_{1}+c_{2}||\nabla u_{n}||_{\Phi}$ for $n=1,2,3,$ . $\ulcorner \mathrm{r}$ (4.13)
$\{||\nabla u_{n}||_{\Phi}\}$
5 Palais-Smale
$\{u_{n}\}$ $\subset\ovalbox{\tt\small REJECT}^{1,\Phi}(R^{N})$ (4.10) $\text{ }$ Lemma 4.5
$\{||\nabla u_{n}||_{\Phi}\},$ $\{||u_{n}||_{\Phi_{*}}\},$ $\{\int_{R^{N}}\Phi$ ( $|\nabla u$n $|$ ) $dx\},$ $\{\int_{R^{N}}\Phi_{*}(|u_{n}|)dx\}$
$(\mathrm{H}_{1})$-(H2) Orlicz $L_{\Phi}(R^{N})$ ,
$L_{\Phi_{*}}(R^{N}),$ $L_{\tilde{\Phi}}(R^{N}),$ $L_{\overline{\Phi_{*}}}(R^{N}),$ $\ovalbox{\tt\small REJECT}^{1,\Phi}(\mathrm{R}^{N})$
$u\in\ovalbox{\tt\small REJECT}^{1.\Phi}(R^{N})$
Radon $\nu,$ $\mu\in\ovalbox{\tt\small REJECT}(R^{N})$ $narrow\infty$
$u_{n}arrow u$ weakly in $L_{\Phi_{*}}(R^{N})$ (5.1)
$u_{n}arrow\nabla u$ weakly in $L_{\Phi}(R^{N})$ (5.2)
$\Phi_{*}(|u_{n}|)arrow\nu$ weakly in $\ovalbox{\tt\small REJECT}(R^{N})$ (5.3)





function [1, p. 284] Theorem 8.35
$\Omega\subset R^{N}$
$u_{n}arrow u$ in $L_{\Psi}(\Omega)$ (5.7)
$u_{n}arrow u$ in $L_{\Phi}(\Omega)$ (5.8)
$u_{n}arrow u$ $\mathrm{a}.\mathrm{e}.$ in $R^{N}$ (5.9)
$\mathrm{o}$ P. L. Lions [9] Lemma I.l (second
concentration lemma)





(ii) 1 $x_{j}\in R^{N}$ $\mu$ $\mu_{j}=\mu(\{xj\})$
$j\in J$
$0< \nu_{j}\leq\max\{S_{0}^{\ell*\ell^{*}/\ell}\mu_{j},$ $S_{0}^{m^{*m^{*}/\ell}}\mu_{j},$ $S_{0}^{\ell*l^{*}/m}\mu_{j},$ $S_{0}^{m^{*m^{*}/m}}\mu_{j}\}$ (5.11)
concentration-compactness ( )
(H2), (H5)
$\frac{\ell*}{m}>1,$ $\frac{\ell^{*}r_{0}}{mm}*>1,$ $\frac{r_{1}}{m}>1$ (5.12)
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Lemma 5.2. Lemma 5.1 $\{x_{j}\}_{j\in J}$
$\Omega\subset\subset R^{N}\backslash \{x_{j}\}_{jEJ}$
$u_{n}arrow u$ strongly in $L_{\Phi_{*}}(\Omega)$ (5.13)
$\nabla unarrow\nabla$u strongly in $L_{\Phi}(\Omega)$ (5.14)
$u_{n}arrow\nabla u$ $\mathrm{a}.\mathrm{e}$ . in $R^{N}$ (5.15)
Corollary 5.3. Lemma 5.1 $\{\mu j\}_{j\in J}$
$\mu\geq\Phi$ (
$| \nabla u\mathrm{D}+\sum_{j\in J}\mu$j $\delta_{x_{j}}$ (5.16)
Proposition 5.4. $u\in\ovalbox{\tt\small REJECT}^{1,\Phi}(R^{N})$
-div( $\phi$ ( $|\nabla$u $|$ ) $\nabla u$) $=\phi,(u+)u++\lambda$f $(x, u_{+})$ o$\mathrm{n}$ $R^{N}$ (5.17)
6 Theorem 2.1
Lemma 6.1. $(\mathrm{H}_{6})$ $\Omega_{0}$ $u_{0}\in C_{0}^{\infty}(R\ovalbox{\tt\small REJECT}$
$u_{0}\geq 0$ , $u_{0}\neq 0$ , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}u_{0}\subset\Omega_{0}$, $||\nabla$u$0||_{\Phi}=1$ (6.1)
$\max_{t\geq 0}I_{\lambda}(tu\mathrm{o})arrow 0$ as $\lambdaarrow$ oo (6.2)
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( $c_{0}=\zeta_{2}(||u_{0}||_{\Phi_{*}})>0$ ) $\max_{t\geq 0}I$\lambda (tu0)





$c_{1}= \min\{F(x, tu_{0}(x));x\in B, \delta_{0}\leq t\leq T_{0}\}>0$ (6.4)
$jarrow\infty$
$\max_{t\geq 0}I_{\lambda_{j}}(tu_{0})=I_{\lambda_{j}}(t_{\lambda_{j}}u_{0})$
$\leq$ $(t_{\lambda_{j}})^{m}-c_{0}(t_{\lambda_{j}})^{\ell*}-\lambda$jclvOl(B) $arrow-$ c$\infty$ (6.5)
Lemma 4.2 $\lambda>\ominus$
$\max_{t\geq 0}I_{\lambda}(tu\mathrm{o})>0$ (6.6)
$t_{\lambda}arrow$. $0$ (6.3) (6.2)
Lemma 6.2. $narrow\infty$
$\int_{R^{N}}F(x, u_{n})dxarrow\int_{R^{N}}F(x, u)dx$ (6.7)
$\int_{R^{N}}\overline{f}$( $x$ , un)u dx\rightarrow $\int$
RN
$\overline{f}(x, u)udx$ (6.8)
Proof of Theorem 2.1. PS $\{u_{n}\}$ $u=u_{\lambda}$
$u\geq 0$ $u\neq 0$
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(i) $I_{\lambda}’$ (un) $(u$ $)_{-}= \max${ $-u$ ’ 0} $f\mathrm{e}$
$\langle I_{\lambda}’(u_{n}), (u_{n})_{-}\rangle=\int_{R^{N}}\phi$( $|\nabla$u$n$ D $\nabla$u$n$ . $\nabla(un)_{-}dx$
$=$ $\int_{R^{N}}\phi(|\nabla(un)-|)$ $|\nabla(un)-|^{2}$dx
$\geq$ $\ell\int_{R^{N}}\Phi$ ( $|\nabla$ (u$n$ ) $-$ Ddx $\geq\ell\zeta_{0}(||\nabla(u_{n})_{-}||_{\Phi})$ (6.9)
(4.10) $\langle I_{\lambda}’(u_{n}), (u_{n})_{-}\ranglearrow 0$ (6.9) $(u_{n})_{-}arrow$
$0$ in $\ovalbox{\tt\small REJECT}^{1,\Phi}(R^{N})$ $u\geq 0$ Proposition 5.4
$u=u_{\lambda}$ (1.1) ( )
(ii) $\lambda$ $u$ $u\neq 0$
$M=$ $\min\{\ell^{\beta/(\beta-\alpha)}S_{0}^{-\alpha\beta/(\beta-\alpha)}(m^{*})^{-\alpha/(\beta-\alpha)}$ ;
$\alpha=\ell$ or $m,$ $\beta=\ell$’or $m^{*}$ } (6.10)
Lemma 6.2 (4.10) $c_{\lambda}>0$ $\lambdaarrow\infty$




$narrow\infty$ $\langle I_{\lambda}’(u_{n}), u_{n}\ranglearrow 0$
$\langle I_{\lambda}’(u_{n}), u_{n}\rangle=\int_{R^{N}}\phi$( $|\nabla$u$n|$ ) $|\nabla$u$n|^{2}dx$
$\phi_{*}$ ((un) $+$ ) $(u_{n})_{+}^{2}dx- \lambda\int_{R^{N}}\overline{f}$(x, $u_{n}$ ) $u_{n}dx$ (6.13)
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(6.8) 3 0
$n1$im $\int_{R^{N}}\phi$ ( $|\nabla$un $|$ ) $|\nabla$uI $2dx$
$=$ $\lim_{narrow\infty}\int_{R^{N}}\phi_{*}$ ((un) $+$ ) $(u_{n})_{+}^{2}dx$ (6.14)
$K_{\lambda}$ $K_{\lambda}\geq M>0$
$K_{\lambda}=0$ (H2) $\Phi_{*}(t)$ $\geq 0$ for $t\geq 0$
$I_{\lambda}$ (u$n$ ) $= \int_{R^{N}}\{\Phi(|\nabla u_{n}|)-\Phi_{*}((u_{n})_{+})-\lambda F(x, u_{n})\}dx$
$\leq$ $\frac{1}{\ell}\int_{R^{N}}\phi$( $|\nabla$u$n|$ ) $|\nabla$u$n|^{2}dx- \lambda\int_{R^{N}}F$(x, $u_{n}$ ) $dx$ (6.15)
(6.7) $\lim\sup_{narrow\infty}I_{\lambda}(u_{n})\leq 0$ (4.10)
$c_{\lambda}>0$ $K_{\lambda}>0$
$K_{\lambda}\geq M$ (1.4) (H2) $\ell^{*}\leq\frac{\phi_{*}(t)\mathrm{t}^{2}}{\Phi_{*}(t)}\leq$
$m^{*}$ for $t>0$
$\frac{1}{m}*\int_{R^{N}}\phi_{*}((un)+)$ $(u_{n})_{+}^{2}dx \leq\int_{R^{N}}\Phi_{*}((un)+)dx\leq\zeta$3 $(||u_{n}||_{\Phi_{*}})$ (6.16)
(H2)
$\zeta_{0}(||\nabla u_{n}||_{\Phi})\leq\int_{R^{N}}\Phi$( $|\nabla$u$n$ Ddx $\leq\frac{1}{\ell}\int_{R^{N}}\phi$( $|\nabla$un $|$ ) $|\nabla$un $|^{2}$dx (6.17)
(6.16), (6.17) (2.9)
$\zeta_{3}^{-1}(\frac{1}{m}*\int_{R^{N}}\phi_{*}((un)+)(un)_{+}^{2}dx)$




$\zeta_{0}(t)=\min$ { $t^{l},$ $t$m}, $\zeta_{3}(\#)=\max\{t^{l^{*}}, t^{m^{*}}\}$ (6.19)
$K_{\lambda}$ (6.10) $M$ $K_{\lambda}\geq M$
$\tau>0$ $m<\tau<\ell^{*}$
$I_{\lambda}(u_{n})- \frac{1}{\tau}\langle I_{\lambda}’(u_{n}), u_{n}\rangle$
$=$ $\int_{R^{N}}\{\Phi(|\nabla u_{n}|)-\Phi_{*}((u_{n})_{+})-\lambda F(x, u_{n})\}dx$
$- \frac{1}{\tau}\int_{R^{N}}\{\phi(|\nabla u_{n}|)|\nabla u_{n}|^{2}-\phi_{*}((u_{n})_{+})(u_{n})_{+}^{2}-\lambda\overline{f}(x, u_{n})u_{n}\}dx$
$\geq$ $( \frac{1}{m}-\frac{1}{\tau})\int_{R^{N}}\phi$( $|\nabla$u$n|$ ) $|\nabla$u$n|^{2}$dx
$+( \frac{1}{\tau}-\frac{1}{\ell*}$) $\int_{R^{N}}\phi$ ,((un) $+$ ) (u$n$ ) $2+dx$
$- \lambda\int_{R^{N}}F(x, u_{n})dx+\frac{\lambda}{\tau}\int_{R^{N}}\overline{f}$ (x, $u_{n}$ ) $u_{n}dx$ (6.20)
$narrow\infty$
$c_{\lambda} \geq(\frac{1}{m}$ $- \frac{1}{\tau}$) $K_{\lambda}+( \frac{1}{\tau}-\frac{1}{\ell*})K_{\lambda}\geq(\frac{1}{m}-\frac{1}{\ell*})M$ (6.21)
$u\neq 0$
Remark 6.3.
1. $\ell\leq m$ $\ell*\leq m$‘
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